
Solid–Liquid Equilibria for Solutions of Binary
Globular-Protein Mixtures

Toshiaki Hino and John M. Prausnitz
Dept. of Chemical Engineering, University of California at Berkeley and Chemical Sciences Division,

Lawrence Berkeley National Laboratory, Berkeley, CA 94720

A theory of the ®an der Waals form is used to establish solid] fluid phase diagrams
for aqueous solutions containing two kinds of globular proteins. Theory is based on a
one-fluid model that uses a composition-dependent hard-sphere diameter and a compo-
sition-dependent sol®ent-mediated effecti®e temperature to represent protein solutions.
The hard-sphere reference equation of state is based on the model of Young that corre-
lates computer simulations of fluid] solid coexistence cur®es for binary hard-sphere
mixtures. The attracti®e perturbation term uses the in®erse-power potential with ®ariable
exponent n. Based on the correlation of George and Wilson and Rosenbaum et al., the
optimum range of effecti®e temperature is determined for protein crystallization. For
binary protein systems, as the size difference increases, the mutual solubility of unlike
proteins declines sharply in the precipitated solid phase. The theoretical results obtained
here may be useful for design of protein-separation processes by crystallization.

Introduction

In polymer solutions, the polymeric solute can be sepa-
rated by inducing phase separation. The precipitated phase is
either a solid or a dense fluid phase rich in polymer. Simi-
larly, a protein can be separated from an aqueous solution by
precipitation, often achieved by using inorganic salts or non-
ionic polymers as precipitating agents. In the biotechnology
industry, protein precipitation is widely used to recover and

Ž .purify proteins from aqueous solutions Rothstein, 1994 . In
addition, protein crystallization has been extensively studied
by biologists performing X-ray crystallography of protein

Ž .crystals Rosenberger, 1996 . However, phase diagrams of
protein solutions remain less explored than those of solutions
containing common polymers.

Protein solutions are essentially colloidal solutions. To un-
derstand the phase behavior of protein solutions, it is neces-
sary to consider both the fluid]fluid phase separation that
leads to two fluid phases and the fluid]solid phase separa-

Žtion that results in a fluid phase and a solid phase Asherie et
.al., 1996; L6wen, 1997 . A variety of recent theoretical and

experimental studies has shown that, in a temperature-den-
sity diagram of colloidal solutions, the fluid]fluid coexistence
curve lies below the fluid]solid freezing line when the range
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of attractive interaction is sufficiently small relative to the
Žparticle diameter Asherie et al., 1996; Berland et al., 1992;

Bolhuis and Frenkel, 1994; Broide et al., 1996; Daanoun et
al., 1994; Hagen and Frenkel, 1994; Ilett et al., 1995;
Lekkerkerker et al., 1992; Lowen, 1997; Muschol and Rosen-´
berger, 1997; Poon, 1997; Rosenbaum et al., 1996; Rosen-
baum and Zukoski, 1996; Tanaka et al., 1997; Tavares and

.Sandler, 1997 . The conclusions from these studies were an-
Ž .ticipated much earlier Hall and Stell, 1973; Gast et al., 1983 .

In systems where the fluid]fluid coexistence curve lies be-
low the fluid]solid freezing line, it is the fluid]solid phase
separation that leads to the global minimum of the Gibbs
energy. Fluid]fluid phase separation is metastable with re-
spect to fluid]solid phase separation because the former only

Ž .leads to a local minimum of the Gibbs energy Poon, 1997 .
Under careful experimental conditions, however, fluid]fluid
phase separation can be observed by light scattering before

Žcrystallization proceeds Broide et al., 1991, 1996; Muschol
and Rosenberger, 1997; Taratuta et al., 1990; Thomson et

.al., 1987 . Similarly, metastable fluid]fluid phase separation
is also possible for solutions of crystallizable polymers
Ž .Burghardt, 1989 .

In protein crystallization, the existence of fluid]fluid phase
separation has an important consequence on the morphology
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Žof the protein precipitate Rosenbaum et al., 1996; Rosen-
.baum and Zukoski, 1996; ten Wolde and Frenkel, 1997 .

When proteins are precipitated at effective temperatures
where fluid]fluid phase separation is possible, formation of a
second phase interferes with crystallization; the kinetics of
fluid]fluid phase separation are much faster than those for
crystallization. Because fluid]fluid phase separation favors
large density fluctuations, amorphous solids are produced that

Ž .are not suitable for X-ray diffraction analysis Poon, 1997 .
To precipitate proteins as crystals, moderately poor solvents
are desirable, poor enough to precipitate proteins but not too

Žpoor to induce fluid]fluid phase separation George and
.Wilson, 1994; Poon, 1997; Rosenbaum et al., 1996 .

With few exceptions, previous theoretical work has been
confined to single-protein solutions. In this work, we are con-
cerned with the development of a molecular-thermodynamic
model to compute phase diagrams for ternary solutions, that
is, those that contain two types of globular proteins in addi-
tion to the solvent. We refer to these as binary solutions. The
present work is stimulated by experimental results reported

Ž .by Judge et al. 1995 , who demonstrated recovery and purifi-
cation of ovalbumin from an aqueous mixture of ovalbumin,
conalbumin, and lysozyme by salt-induced bulk crystalliza-
tion. Their study indicates that bulk crystallization may be
feasible for the recovery of a target protein from aqueous
multicomponent protein mixtures. In addition, we are also
motivated by recent advances in modeling the phase behavior
of single-protein systems and those for computing fluid]solid
equilibria of binary hard-sphere mixtures.

This work presents an elementary van der Waals-type
equation-of-state theory. For our reference equation of state,

Ž .we use the model of Young 1993 that correlates the com-
puter simulation of fluid]solid coexistence curves for binary

Ž .hard-sphere mixtures Kranendonk and Frenkel, 1991 . For
Ž .our perturbation term, we use an inverse-power Sutherland

potential with variable exponent n combined with the model
Ž .of Daanoun et al. 1994 for a solid with coordination num-

ber z. In a temperature-density diagram for sufficiently large
n, our model predicts the fluid]fluid coexistence curve that
lies below the fluid]solid freezing line.

In our model, the solid phase is, in general, a protein mix-
ture. In previous theoretical work for polymer-induced pre-

Žcipitation of protein mixtures, Mahadevan and Hall 1990,
.1992 assumed that only one type of protein precipitates in

the solid phase except at the eutectic point where two pure
solid phases and a fluid phase coexist. For a fluid phase that

Žcontains two types of proteins, Mahadevan and Hall 1990,
.1992 used a theoretical two-component model.

We use a much simpler one-component model. As is com-
mon in mixture thermodynamics, we use the one-fluid ap-
proximation: we obtain the equation of state for protein mix-
tures by semiempirically extending the equation of state for
single-protein systems using composition-averaged equation-
of-state parameters. Here, ‘‘one-component’’ refers to the
solute. The solvent is a continuous medium. We use the
mean-field perturbation theory that is simpler than the first-

Žorder perturbation theory used by Mahadevan and Hall 1990,
.1992 .

We begin with single-protein systems and determine a suit-
able exponent for the inverse-power potential by correlating
aqueous lysozyme solubility data. Next, we establish the opti-

mum range of effective temperature for protein crystalliza-
tion. Finally, for solutions of protein mixtures, we compute
phase diagrams as functions of mixture composition, size dif-
ference, solubility difference, effective reduced temperature,
and interaction between unlike proteins.

Theoretical Framework
For modeling protein solutions with a one-component

model, we use the hard-sphere diameter and effective tem-
perature that represent, respectively, the size of globular pro-
tein and solvent-mediated interaction between proteins. In a
one-component model, where the solvent is a medium, the
equation of state gives the osmotic pressure of the solution.
For solutions containing two kinds of proteins, equation-of-

Ž .state parameters are averaged over solvent-free mixture
composition using appropriate mixing rules.

In protein precipitation by inorganic salts or nonionic poly-
mers, the effective temperature depends on several experi-
mental variables, such as absolute temperature, ionic strength,
pH, salt type, and polymer molecular weight. For most
typical condensed systems, external pressure has little effect
unless the pressure is very large. Accurate one-component
models are not yet available for quantitatively computing the
effective temperature as a function of all experimental vari-
ables. Therefore, our discussion is given in terms of the effec-
tive temperature that, at least in principle, can be obtained
from osmotic]second-virial-coefficient measurements. Such
measurements can be made as a function of temperature, pH,

Žsalt type, and ionic strength Coen et al., 1995; Curtis et al.,
1998; Rosenbaum et al., 1996; Rosenbaum and Zukoski,

.1996 .

IP ˜( )In©erse-power pair potential u R
We assume that globular proteins in solution interact

through an inverse-power potential of variable exponent n:

˜0 R-1IP ˜u R s 1Ž .Ž . n½ ˜ ˜yerR n)3 RG1,Ž .

˜where R' Rrs is the reduced center-to-center distance of
Žspheres Rscenter-to-center distance of spheres; s shard-

.sphere diameter ; e is the potential energy parameter that
specifies the strength of solvent-mediated attractive interac-
tion between proteins; and superscript IP denotes inverse-
power potential. In Eq. 1, parameter n systematically varies
the range of attractive interaction relative to the hard-sphere
diameter. As n increases, the reduced range of attractive in-
teraction declines. We use the inverse-power potential be-
cause of its simplicity.

For the inverse-power potential, the second virial coeffi-
cient is given by

` IP ˜IP 3 yu ŽR.rk T 2B ˜ ˜B s2ps 1y e R dRw xH2
0

2p 3 1
3s s 1y 2Ž .ž /˜3 ny3 T
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where, consistent with the approximations used in our the-
˜ory, terms in higher powers of 1rT have been omitted; k isB

the Boltzmann constant; T is the absolute temperature; and
T̃ is the effective reduced temperature for the inverse-power
potential given by

k TB
T̃ s . 3Ž .

e

In the colloid and protein literature, k Tre is often calledB
the effective temperature. In our notation, erk is the effec-B
tive temperature and k Tre is the effective reduced temper-B
ature.

For salt solutions, parameter e depends on pH, salt type,
and ionic strength. For solutions containing a nonionic poly-
mer, e depends on polymer type, polymer molecular weight,
and polymer concentration. Parameter e may also depend on
the absolute temperature because aqueous protein solutions
involve specific interactions such as hydrogen bonding whose
effects are strongly dependent on the absolute temperature.
Smaller effective reduced temperatures represent more at-
tractive interactions between proteins.

Helmholtz energy and equation of state
In this work, the Helmholtz energy is given by a hard-sphere

reference equation of state and a perturbation term that rep-
resent, respectively, the repulsive interaction for the hard-
sphere system and attractive interaction for the inverse-power
potential:

A A A
s q 4Ž .ž / ž / ž /Nk T Nk T Nk TB B B pertref

where A is the Helmholtz energy and N is the number of
molecules. The equation of state is related to the Helmholtz
energy by differentiating with respect to the number density:

pV ­ ArNk T pV pVB
s r s qž / ž / ž /Nk T ­r Nk T Nk TB B B pertT , N ref

5Ž .

where p is the osmotic pressure; V is the volume; and r s
NrV is the number density. In Eqs. 4 and 5, subscripts ref
and pert denote reference and perturbation, respectively.

Hard-sphere reference equations
For the reference Helmholtz energy, we use the model

Ž .of Young 1993 . This model is convenient because it gives
analytic equations for correlations based on computer simu-
lations of fluid]solid coexistence curves both in the one-
component hard-sphere system and in binary hard-sphere

Žmixtures Carnahan and Starling, 1969; Hoover and Ree,
.1968; Kranendonk and Frenkel, 1991; Young, 1993 .

Consider first binary mixtures of hard spheres wherein the
mole fraction of component 1 is x and the hard-sphere diam-
eter of component i is s . By choosing component 1 as theii
hard sphere with larger diameter, we define parameter a as

the ratio of smaller-to-larger hard-sphere diameters:

a 's rs a F1 . 6Ž . Ž .22 11

ŽIn a one-component model, the packing fraction i.e., re-
.duced density of a mixture, y, is given in terms of the aver-

age hard-sphere diameter:

p
3ys rs . 7Ž .

6

Here, s is a composition-averaged hard-sphere diameter
given by

23 2 3 3 3s s x s q2 x 1y x s q 1y x s , 8Ž . Ž . Ž .11 12 22

where

1
s s s qs . 9Ž . Ž .12 11 222

When s 3 is given by Eq. 8, for mixtures with a /1, Eq. 7
is not equal to the ‘‘real’’ packing fraction of the mixture

Ž 3 3 .pr x s q x s r6. For mixtures, Eq. 7 gives a pseudo-1 11 2 22
packing fraction.

Fluid Phase. For the fluid phase, the reference hard-
sphere Helmholtz energy and equation of state are given by
Ž .Young, 1993

A 4 yy3 y2 6 y
s qln q x ln xq 1y x ln 1y xŽ . Ž .2ž /Nk T p e1y yŽ .B ref

10Ž .

pV 1q yq y2 y y3

s 11Ž .3ž /Nk T 1y yŽ .B ref

For one-component systems, Eq. 11 is the Carnahan]Starling
Žequation of state for the hard-sphere fluid Carnahan and

.Starling, 1969 .
Solid Phase. For the solid phase, the hard-sphere refer-

ence Helmholtz energy and equation of state are given by
Ž .Young, 1993

A V Uy1
U U U2sy3 ln q5.124 ln V y20.78V q9.52VUž /Nk T VB ref

y5.95V U3r3q15.022q x ln xq 1y x ln 1y x 12Ž . Ž . Ž .

pV 3
Us q2.566q0.55 V y1Ž .Už /Nk T V y1B ref

2 3U Uy1.19 V y1 q5.95 V y1 13Ž . Ž . Ž .

where

U 3 'V sVrV ; V s Ns r 2 , 14Ž .0 0 0
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where

23 2 3 3 3s s x s q2 f a x 1y x s q 1y x s 15Ž . Ž . Ž . Ž .0 11 12 22

2.5f a s1q13.5 1y a . 16Ž . Ž . Ž .

Equations 12 and 13 are based on the fit to the computer-
generated compressibility factor for a one-component hard-

Ž .sphere solid Hoover and Ree, 1968; Young, 1993 . Equation
12 contains a constant 15.022. This constant is necessary to
give the correct melting point of one-component hard-sphere

Žsystems determined by computer simulations Hoover and
.Ree, 1968; Young, 1993 . Because Eq. 12 contains an ideal

entropy of mixing term, it is clear that the hard-sphere refer-
ence system described here is likely to be unsuitable for mix-
tures of proteins with strong protein]protein association
forces.

For mixtures, the essential part of the model of Young is
Ž . Ž .function f a given by Eq. 16. Young determined f a such

that the model approximately fits the computer-generated
fluid]solid coexistence curves for binary hard-sphere mix-

Žtures in the range 0.85F a F1 Kranendonk and Frenkel,
.1991; Young, 1993 . In the solid phase, the computer simula-

Ž .tion of Kranendonk and Frenkel 1991 shows that the mu-
tual solubilities of hard-sphere mixtures decline sharply as a
decreases below about 0.9.

Perturbation terms
The perturbation term represents the solvent-mediated at-

tractive interaction between proteins whose magnitude is
˜Ž .represented inversely by reduced effective temperature T.

Using a one-fluid mixing rule, the reduced effective tempera-
Ž .ture of the mixture at constant T is given by

2y1 2 y1 y1 y1˜ ˜ ˜ ˜T s x T q2 x 1y x T q 1y x T , 17Ž . Ž . Ž .11 12 22

where

k TB
T̃ s 18Ž .i j ei j

e s 1y k e e , 19' Ž .Ž .12 12 11 22

where k is an adjustable parameter that relates the magni-12
tude of attractive interaction between unlike proteins to those
between like proteins.

Similar to parameter a defined by Eq. 6, we also define
parameter b as the ratio of e to e :22 11

b 'e re . 20aŽ .22 11

At constant absolute temperature

˜ ˜b 'T rT . 20bŽ .11 22

Fluid Phase. For the fluid-phase perturbation term, we use
the van der Waals perturbation combined with the inverse-

power potential given by Eq. 1. For the Helmholtz energy,
the van der Waals perturbation term is proportional to the
product of number density and the average of the pair poten-
tial evaluated over the center-to-center intermolecular dis-
tance beyond the hard-sphere diameter. The equation of state
is obtained from the Helmholtz energy.

For the fluid phase, neglecting possible contributions from
˜terms in higher powers of 1rT , the perturbation term for the

van der Waals Helmholtz energy and that for the equation of
state are identical, given by

A 12 y
sy 21Ž .ž /ž / ˜Nk T ny3 TB pert

pV 12 y
sy , 22Ž .ž /ž / ˜Nk T ny3 TB pert

where y is the pseudopacking fraction of the fluid phase given
by Eq. 7.

Solid Phase. For the solid-phase perturbation term, we
Ž .follow the model of Daanoun et al. 1994 that represents the

solid phase by a perfect crystal wherein the intermolecular
separation is determined by the ratio of the system density to
the close-packed density. In this model, the perturbation term
for the Helmholtz energy is proportional to the product of
lattice coordination number z and the pair potential evalu-
ated at the system’s intermolecular separation. Daanoun et
al. considered only single-component crystals. We introduce
a one-solid, analogous to a one-fluid, mixing rule for mix-
tures.

For the solid phase, the perturbation term for the
Helmholtz energy and that for the equation of state are given

Ž .by Daanoun et al., 1994

A z 1
˜sy u R 23Ž .Ž .ž / ˜Nk T 2 TB pert

pV zn 1
˜sy u R , 24Ž .Ž .ž / ˜Nk T 6 TB pert

˜where u is the pair potential and R is the average reduced
˜distance between closest neighbors in the lattice. R is given

by

1r3yc p
R̃s , 25Ž .ž /y

where y is the close-packed packing fraction and y is thec p
pseudopacking fraction of the solid phase given by Eq. 7.

In computing the perturbation term for the solid phase, it
is a crude assumption to impose a particular structure on the
solid phase. It is more appropriate to consider parameters z
and y as adjustable parameters whose values are limited byc p
physical significance. Thus, z should lie somewhere between
6 and 12 and y between 0.52 and 0.74. For our purposesc p
here, we assume that the solid phase is the face-centered-

Ž .cubic fcc lattice with zs12 and y s0.74. We leave pa-c p
rameter n as an adjustable parameter. The other adjustable
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parameter is k . Parameter s is estimated from crystallo-12 i j
graphic data and parameter e is determined from solubilityii
or osmotic]second-virial-coefficient data.

Computation Procedure
In computing the fluid]solid coexistence curves in one-

component models, we assume that the effective temperature
of each component in the fluid phase is equal to that in the
solid phase. In other words, we assume a uniform solvent

Ž .composition throughout the protein-free fluid and solid
phases. Calculations based on this simplifying assumption for
one-component models are able to correlate observed solu-

Žbility curves for several colloidal solutions Poon, 1997;
.Rosenbaum et al., 1996; Rosenbaum and Zukoski, 1996 .

Single-protein systems
For single-protein systems, we compute reduced effective

temperature-density diagrams by equating the osmotic pres-
sure p and chemical potential of protein m of coexisting
phases at the same temperature. The chemical potential of
protein is defined by

­ A
m' . 26Ž .ž /­ N T , V

Equation 26 applies to both the fluid phase and the solid
phase.

Binary-protein systems
For aqueous solutions containing two kinds of proteins, the

phase diagram is calculated by equating the osmotic pressure
p and, for each protein, chemical potential m of coexistingi
phases at the same temperature. The chemical potential of
component i is defined by

­ A
m ' , 27Ž .i ž /­ Ni T , V , Nj/ i

where N is the number of molecules of component i. Equa-i
tion 27 applies to both the fluid phase and the solid phase.

For binary-protein systems, we first compute osmotic pres-
Ž .sure as a function of solvent-free composition at a fixed

temperature. To compute a fluid]solid coexistence curve and
a solid]solid coexistence curve, we first fix the osmotic pres-

Ž .sure or one of two solvent-free compositions of coexisting
phases at a fixed temperature. Next, using initial guesses for
unknown variables, we find reduced densities of coexisting
phases from the equations of state. From these reduced den-
sities, we calculate chemical potentials. Iterations are re-
peated until the equality of chemical potential in coexisting
phases is satisfied for each component.

As shown later for some binary-protein systems, there is a
eutectic point where a fluid phase is in equilibrium with two
solid phases having different compositions. For a eutectic sys-
tem, the osmotic pressure and three solvent-free composi-
tions of coexisting phases are simultaneously determined by
equating, for each component, chemical potential of coexist-

Ž .ing phases. Each protein is a component; the solvent is not.

Results and Discussion
As pointed out by numerous authors, in modeling the in-

teraction between colloidal particles in solutions, the impor-
tant parameter is the one that specifies the range of attrac-

Žtive interaction relative to the particle diameter Asherie et
al., 1996; Bolhuis and Frenkel, 1994; Daanoun et al., 1994;
Hagen and Frenkel, 1994; Ilett et al., 1995; L6wen, 1997;

.Poon, 1997; Tavares and Sandler, 1997 . In the inverse-power
potential given by Eq. 1, parameter n determines the range
of attractive interaction relative to the particle diameter. The
reduced range of attractive interaction declines with increas-
ing n.

We first show that as n rises, our model predicts a temper-
ature-density diagram wherein the fluid]fluid coexistence
curve lies below the fluid]solid freezing line. Next, we deter-
mine parameter n by correlating aqueous solubility data for
lysozyme. We also calculate the optimum range of reduced
effective temperature for protein crystallization, called the
crystallization window or slot. Finally, we compute phase dia-
grams for aqueous protein mixtures as functions of mixture

Ž . Ž .composition x , size difference a , potential-energy differ-
˜Ž . Ž .ence b , effective temperature T , and interaction between

Ž .unlike proteins k . Parameter b indicates solubility differ-12
ence. For a fixed absolute temperature and for globular pro-
teins of similar size, if e )e , the solubility of protein 2 is2 1
less than that of protein 1.

In the figures the fluid and solid regions of the phase dia-
gram are denoted by F and S, respectively. Similarly, the
fluid]solid two-phase regions are denoted by F]S or by S]F.

Single-protein systems

Effect of the Reduced Range of Attracti®e Interaction. For
single-protein systems, Figures 1a and 1b show the theoreti-
cal temperature-density diagrams for ns5 and 6, respec-
tively. In the perturbation term, we assume that the solid
phase is the fcc lattice, with zs12 and y s0.740. Thesec p
figures show that parameter n has a significant effect on the
location of the fluid]fluid coexistence curve relative to the
fluid]solid freezing line. As the reduced range of attractive
interaction declines with increasing n, theory predicts a phase
diagram wherein the fluid]fluid coexistence curve is buried
inside the fluid]solid domain.

At temperatures where both fluid]fluid and fluid]solid
Ž .phase separations are possible Figure 1b , only the fluid]

solid phase separation leads to a global minimum of the Gibbs
energy of the mixture. For the system in Figure 1b, fluid]fluid
phase separation gives two metastable fluid phases that lead

Žto a local minimum of the Gibbs energy of the mixture Poon,
.1997 .

In the present model, there is no stable fluid]fluid phase
separation for n greater than about 5.5. However, both z and
y in Eqs. 23 to 25 affect the critical value for n that sepa-c p
rates Figure 1a-type phase behavior from Figure 1b-type
phase behavior. In this work, we do not adjust z and y , butc p
use only parameter n as a system-independent adjustable pa-
rameter determined from the observed phase diagram for a
single-protein system.

Comparison with Experiment. To compare theory with
experiment, we need the hard-sphere diameter and solvent-
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Figure 1. Theoretical temperature-density diagrams for
( )single-protein systems F=fluid, S=solid .

Ž . Ž .a ns 5, b ns 6. In the perturbation term, the solid phase
is the face centered-cubic-lattice with z s12 and y s 0.74.c p

Ž .In part b , the broken curve is the coexistence curve for the
metastable fluid]fluid phase separation.

mediated effective temperature. For a reasonable approxi-
mation, the hard-sphere diameter is estimated from X-ray
analysis of protein crystals. The effective temperature is ob-
tained from osmotic]second-virial-coefficient measurements.
However, the theoretical osmotic second virial coefficient de-
pends on both hard-sphere diameter and reduced effective
temperature. Therefore, to obtain better agreement of theory
with experiment, it is advantageous to regress simultaneously
the hard-sphere diameter and effective temperature using
additional solubility data. To fit experimental solubility data
for a given system, the effective temperature depends on the
choice of hard-sphere diameter.

Despite their simplicity, one-component models combined
with two-parameter pair potentials have been successfully
used to model phase diagrams of colloidal solutions, includ-
ing those that contain globular proteins. Recently, Rosen-
baum et al. and Poon showed that, in terms of packing

Ž .fraction i.e., reduced density and reduced effective temper-
ature, observed phase diagrams of several colloidal solutions

follow closely the theoretical phase diagram for the adhesive
Žhard-sphere potential Poon, 1997; Rosenbaum et al., 1996;

.Rosenbaum and Zukoski, 1996 . These results suggest that,
in terms of reduced variables, there is a universal phase
diagram for colloidal solutions. These results imply that a
corresponding-states description may be applicable to pro-
tein solutions.

We compare our model with aqueous solubility data for
Žlysozyme reported by Rosenbaum et al. Rosenbaum et al.,

.1996; Rosenbaum and Zukoski, 1996 , who presented solubil-
ity data in terms of t , the reduced temperature for the adhe-
sive hard-sphere potential. In the Appendix, we discuss the
procedure to express their data in terms of the effective re-
duced temperature for our model given by Eq. 3.

Figure 2 shows the phase diagram for aqueous lysozyme at
pH 4.6. The open and solid circles show solubility data of

ŽRosenbaum et al. Rosenbaum et al., 1996; Rosenbaum and
.Zukoski, 1996 calculated with s s3.4 nm and s s3.2 nm,

respectively. The effective temperature, r comes from os-
motic]second-virial-coefficient data. Data shown by open and
solid circles are calculated from the same set of experimental
data. Figure 2 also shows the reduced phase-separation tem-
peratures associated with the metastable fluid]fluid phase

Ž .separation measured by Taratuta et al. 1990 ; they are given
by open and solid triangles for s s3.4 nm and s s3.2 nm,

Ž .respectively Rosenbaum and Zukoski, 1996 . In Figure 2, the
solid and broken curves are the theoretical fluid]solid and
fluid]fluid coexistence curves, respectively, for the inverse-
power potential with ns7 and zs12.

Solubilities calculated with s s3.2 nm agree with the fluid
branch of the theoretical coexistence curve for our model with

Figure 2. Phase diagram for aqueous lysozyme solu-
tion at pH 4.6.
The open and solid circles are the solubility data from

Ž .Rosenbaum and Zukoski 1996 for s s 3.4 nm and s s 3.2
nm, respectively. The open and solid triangles are the
phase-separation temperatures associated with the
metastable fluid]fluid phase separation for s s 3.4 nm and

Žs s 3.2 nm, respectively. Data shown by open and solid
.symbols are from the same set of experimental data. The

solid and broken curves are theoretical fluid]solid and
fluid]fluid coexistence curves, respectively, for ns 7.
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ns7. On the other hand, solubilities calculated with s s3.4
nm follow the fluid branch of the theoretical coexistence curve
for the adhesive hard-sphere potential presented by Rosen-

Ž .baum and Zukoski 1996 . In Figure 2, the primary difference
between these models is in the high-density region. This dis-
crepancy may be due, in part, to neglect of perturbation terms

˜in higher powers of 1rT and to the mean-field perturbation
theory used in our model. The fluid]solid lines shown by
Rosenbaum et al. are those obtained by computer simulation
Ž .Hagen and Frenkel, 1994 for the attractive Yukawa poten-
tial. In the high-density region of our model, the theoretical
densities of coexisting fluid and solid phases can be increased
by adjusting z and y .c p

For the metastable fluid]fluid phase separation, the criti-
cal solution temperature for our model with ns7 is close
to that for the adhesive hard-sphere potential obtained from
the Percus]Yevick approximation for the hard-sphere radial

Ž .distribution function Watts et al., 1971 . For lysozyme,
therefore, both models overestimate the critical solution tem-
perature associated with the fluid]fluid phase separation as
expected for a simple van der Waals model.

Figure 2 shows semiquantitative agreement of theory with
experiment. In the present model, the solubility data for
globular proteins are reasonably represented by the theoreti-
cal phase diagram for ns7 and zs12.

Crystallization Window. The significant result from the
Žwork of Rosenbaum et al. Rosenbaum et al., 1996; Rosen-

.baum and Zukoski, 1996 is that the phase diagrams of differ-
ent colloidal solutions may be represented by a universal
phase diagram when the phase diagrams are constructed in
terms of reduced density and reduced effective temperature.
Consequently, the effective temperature determined from os-
motic]second-virial-coefficient measurements may be used to
identify the optimum condition for protein crystallization
called the crystallization window. The work by Rosenbaum et
al. provides support for the earlier work by George and Wil-

Ž .son 1994 , who proposed to identify favorable conditions for
protein crystallization from osmotic]second-virial-coefficient
measurements. Our definition of crystallization window or
slot is essentially the same as that of George and Wilson.

For the adhesive hard-sphere potential, the crystallization
Žslot is approximately given by 0.06-t -0.15 Rosenbaum et

.al., 1996; Rosenbaum and Zukoski, 1996 . Assuming that the
hard-sphere diameter for the adhesive hard-sphere potential
is equal to that for our model, the crystallization slot can also

˜be expressed in terms of our reduced effective temperature T
˜by converting t to T , using Eq. A3.

For the present model, the crystallization slot is approxi-
mately given by

˜0.18-T -0.45 for ns7 and zs12 28Ž . Ž .

Next, we compute the phase diagrams of protein mixtures at
reduced temperatures in the crystallization slot.

Aqueous mixtures of proteins
For aqueous mixtures of globular proteins, we present re-

duced osmotic pressure-composition diagrams for several sets
of parameters a , b , and k defined, respectively, by Eqs. 6,12
20 and 19. Phase diagrams at high osmotic pressures corre-

Figure 3. Theoretical phase diagrams for aqueous pro-
˜ (tein mixtures for a =1 at T =0.45 F=fluid,11

)S=solid .
Ž . Ž .a b /1 and k s 0; b b s1.2 and k / 0. In these fig-12 12
ures, there is no difference in the hard-sphere diameter be-
tween components 1 and 2. For b )1, component 1 has
larger solubility than component 2.

spond to those in the high reduced-density region. In the fig-
Ž .ures, x is the solvent-free mole fraction of component 1 in

the binary mixture of proteins. All calculations are made at
effective reduced temperatures where fluid]fluid phase sepa-
ration does not exist.

a s1 and b /1. Figure 3a shows theoretical phase dia-
˜grams for a s1, b )1, and k s0 at T s0.45. In this fig-12 11

ure, there is no difference in the hard-sphere diameters of
components 1 and 2. For b )1, component 1 has larger solu-
bility than component 2. Therefore, the precipitated solid
phase is rich in component 2. As b increases, the composi-
tion difference between the fluid and solid phases rises at a
given composition of the fluid phase.

Figure 3b shows the effect of k on the theoretical dia-12
˜gram a s1, and b s1.2 at T s0.45. Between unlike pro-11
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teins, positive k represents more unfavorable interaction12
than that with k s0. Conversely, negative k represents12 12
more favorable interaction between unlike proteins than that
with k s0. At a given composition of the fluid phase, the12
composition difference between fluid and solid phases for k12
s0.08 is larger than that for k s0 and b s1.2 in Figure12
3a. For k sy0.2, the composition difference between fluid12
and solid phases is smaller than that for k s0 and b s1.212
in Figure 3a.

a /1 and b s1. To elucidate the effect of size differ-
ence between unlike proteins, Figures 4a, 4b and 4c show
theoretical phase diagrams for a s0.95, 0.9, and 0.85, re-

˜spectively, with b s1 and k s0 at T s0.45. For the sys-12 11
tem in Figure 4a, with a s0.95, there is little composition
difference between the liquid and solid phases. In the solid
phase, the mutual solubility between unlike proteins de-
creases sharply as the size parameter a decreases below about
0.9.

For the system in Figure 4c, there is a eutectic point where
two solid phases and a fluid phase coexist. At osmotic pres-
sures below that at the eutectic point, essentially only one
type of protein precipitates in the solid phase. The type of
solid precipitate depends on the overall composition of the
mixture. At osmotic pressures above that at the eutectic point
Ž .i.e., at high protein densities , two almost immiscible solid
phases coexist.

For aqueous binary mixtures of globular proteins, the dis-
parity in size between unlike proteins has a significant effect
on the partitioning of protein mixtures between coexisting
fluid and solid phases. In fluid]fluid phase separations for

˜a )0.85 at sufficiently small T , 1, however, there is no sig-
nificant size effect on the partitioning of protein mixtures
between coexisting fluid phases. For mixtures of globular
proteins with sufficient disparity in size, sharp separation of
a target protein may be best achieved through fluid]solid
precipitation, not by inducing fluid]fluid phase separation.

When there is favorable interaction between unlike pro-
teins, we expect that the effect of size disparity declines. In
the present model, favorable interaction between unlike pro-
teins is represented by negative k . Figures 5a and 5b show12
theoretical phase diagrams for k sy0.1 and k sy0.2,12 12

˜respectively, with a s0.85 and b s1 at T s0.45. As ex-11
pected for decreasing k in Figure 5b, the magnitude of the12
size effect that favors phase separation declines and the com-
position difference between coexisting phases decreases rela-
tive to that in Figure 5a.

Variation of Effecti®e Reduced Temperature. We next ex-
amine how effective reduced temperature affects the phase
diagrams of protein mixtures at fixed parameters a , b , and
k . As the effective reduced temperature decreases, the sol-12
ubility of globular proteins declines. We now discuss how the
partitioning of protein mixtures between coexisting fluid and
solid phases varies with the effective reduced temperature.

Figures 6a, 6b, and 6c show theoretical phase diagrams for
˜ ˜ ˜T s0.45, T s0.4, and T s0.35, respectively, with a s11 11 11
0.9, b s1, and k s0. As the effective reduced temperature12
declines, the composition difference between coexisting
phases increases and theory predicts solid]solid phase sepa-
ration in the high-density region of the phase diagram.

Finally, we examine the system where both a and b differ
from unity. Figures 7a and 7b show theoretical phase dia-

Figure 4. Theoretical phase diagrams for aqueous pro-
(tein mixtures with different size ratios F=

)fluid, S=solid .
Ž . Ž . Ž .a a s 0.95; b a s 0.9; c a s 0.85. For all systems b s1,

˜ Ž .k s 0, and T s 0.45. In part c , there is a eutectic point12 11
where two solid phases and a fluid phase coexist.

grams for b s1 and b s0.9, respectively, with a s0.9 and
˜k s0 at T s0.35.12 11

Because the solubility of pure component 2 increases as b
declines, at a given composition of the fluid phase, the mole
fraction of component 1 in the solid phase increases as b
declines. Consequently, for the system in Figure 7b, the com-
position difference between coexisting fluid and solid phases
is smaller than that for the system in Figure 7a when x is
smaller than the mole fraction of component 1 at the eutectic
point xU. Conversely, for the system in Figure 7b, the compo-
sition difference between coexisting fluid and solid phases is
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Figure 5. Theoretical phase diagrams for aqueous pro-
(tein mixtures with different k F=fluid, S=12

)solid .
Ž . Ž .a k sy0.l, b k sy0.2. For all systems a s 0.85,12 12

˜b s1, and T s 0.45.11

larger than that for the system in Figure 7a when x is larger
than xU.

For systems shown in Figure 7, phase diagrams are very
sensitive to parameter b that represents the difference in
pure-component solubility. In addition, the eutectic point is
also sensitive to parameter b. For b s1, 0.9, and 0.8, the
eutectic composition xU s0.4, 0.16, and 0.06, respectively.

Comparison with Experiment. At present, for aqueous pro-
tein mixtures, there is no published work that systematically
examines the variation of the fluid]solid phase diagram with

Žexperimental variables. However, available studies Hung,
personal communication, 1998; Judge et al., 1995; Mahade-

.van and Hall, 1992; Polson et al., 1964 indicate that crystal-
lization from protein mixtures produces crystals of high pu-
rity when there is little affinity between unlike proteins and
when the disparity in size is sufficiently large.

Upon inducing bulk crystallization with ammonium sulfate,
Ž .Judge et al. 1995 demonstrated recovery and purification of

Figure 6. Theoretical phase diagrams for aqueous pro-
tein mixtures at different effective reduced

( )temperatures F=fluid, S=solid .
˜ ˜ ˜Ž . Ž . Ž .a T s 0.45; b T s 0.4; c T s 0.35. For all systems11 11 11

a s 0.9, b s1, and k s 0.12

Ž .ovalbumin 45 kDa from an aqueous mixture that contains
Ž .12 g ovalbumin, 1 g conalbumin 80 kDa , and 1 g lysozyme

Ž .14.6 kDa . In their experiment, the purity of the recovered
ovalbumin crystals was greater than 99%. According to the
present model, the high selectivity demonstrated by this ex-
periment may follow because ovalbumin is the major compo-
nent of the protein mixture and because there is sufficient
size difference between ovalbumin and conalbumin and be-
tween ovalbumin and lysozyme.

Another aqueous protein mixture wherein pure compo-
Ž .nents crystallize separately is the system thaumatin 23 kDa
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Figure 7. Theoretical phase diagrams for aqueous pro-
( )tein mixtures F=fluid, S=solid .

Ž . Ž .a b s1; b b s 0.9. For all systems a s 0.9, k s 0, and12
T̃ s 0.35.11

Ž . Žand lysozyme 14.6 kDa Hung, personal communication,
.1998 .

Conclusions
A simple van der Waals-type theory is presented to com-

pute phase diagrams of aqueous solutions containing binary
mixtures of globular proteins. Theory is based on a one-com-
ponent model that uses a composition-dependent hard-sphere
diameter and a composition-dependent solvent-mediated ef-
fective temperature to represent solutions of globular pro-
teins. Compared to other theories for protein solutions, we
use a much simpler van der Waals-type perturbation theory
based on the inverse-power potential with variable exponent
n.

In a temperature-density diagram, our model correctly
represents the phase diagram where the metastable fluid]
fluid coexistence curve lies below the stable fluid]solid co-
existence domain. For single-protein systems, despite its

simplicity, the theoretical phase diagram with ns7 and zs
12 shows good agreement with the observed solubility of

Žlysozyme Rosenbaum et al., 1996; Rosenbaum and Zukoski,
.1996 . For our model, in terms of the effective reduced

temperature, the crystallization slot for globular proteins is
˜approximately given by 0.18-T -0.45.

For mixtures of globular proteins, our model takes into ac-
count the size difference between unlike proteins that has a
significant effect on the partitioning of protein mixtures be-
tween coexisting fluid and solid phases. In fluid]solid phase
equilibria, as the disparity in size increases, the mutual solu-
bility between unlike proteins declines sharply in the precipi-
tated solid phase. For significant size differences, the solid
phase approaches a pure component. The type of precipi-
tated protein depends on the composition of the protein mix-
ture. For fixed a , b , and k , the mutual solubility in the12
solid phase also declines as the effective reduced tempera-
ture decreases.

For systems with large size difference, there is a eutectic
point where two solid phases and a fluid phase coexist. For a
given size ratio, the eutectic composition is sensitive to the
solubility difference between unlike proteins.

Immiscibility in the solid phase due to the size effect de-
clines as the interaction between unlike proteins becomes
more attractive. The theoretical results shown here may be
useful for design of a process for separating protein mixtures
by precipitation.

Acknowledgment
This work was supported by the Director, Office of Energy Re-

search, Office of Basic Energy Sciences, Chemical Sciences Division
of the U.S. Department of Energy under Contract No. DE-AC03-
76SFOO98. Additional funding was provided by the Donors of the
Petroleum Research Fund administered by the American Chemical
Society. We thank Drs. Rosenbaum and Zukoski for providing solu-
bility data for several colloidal solutions.

Literature Cited
Asherie, N., A. Lomakin, and G. B. Benedek, ‘‘Phase Diagram of

Ž .Colloidal Solutions,’’ Phys. Re®. Lett., 77, 4832 1996 .
Berland, C. R., G. M. Thurston, M. Kondo, M. L. Broide, J. Pande,

0. Ogun, and G. B. Benedek, ‘‘Solid-Liquid Phase Boundaries of
Ž .Lens Protein Solutions,’’ Proc. Nat. Acad. Sci. USA, 89, 1214 1992 .

Bolhuis, P., and D. Frenkel, ‘‘Prediction of an Expanded-to-Con-
densed Transition in Colloidal Crystals,’’ Phys. Re®. Lett., 72, 2211
Ž .1994 .

Broide, M. L., C. R. Berland, J. Pande, 0. 0. Ogun, and G. B.
Benedek, ‘‘Binary-Liquid Phase Separation of Lens Protein Solu-

Ž .tions,’’ Proc. Nat. Acad. Sci. USA, 88, 5660 1991 .
Broide, M. L., T. M. Tominc, and M. D. Saxowsky, ‘‘Using Phase

Transitions to Investigate the Effect of Salts on Protein Interac-
Ž .tions,’’ Phys. Re®. E, 53, 6325 1996 .

Burghardt, W. R., ‘‘Phase Diagrams for Binary Polymer Systems Ex-
hibiting Both Crystallization and Limited Liquid-Liquid Miscibil-

Ž .ity,’’ Macromol., 22, 2482 1989 .
Carnahan, N. F., and K. E. Starling, ‘‘Equation of State for Nonat-

Ž .tracting Rigid Spheres,’’ J. Chem. Phys., 51, 635 1969 .
Coen, C. J., H. W. Blanch, and J. M. Prausnitz, ‘‘Salting Out of

Aqueous Proteins}Phase Equilibria and Intermolecular Poten-
Ž .tials,’’ AIChE J., 41, 996 1995 .

Curtis, R. A., J. M. Prausnitz, and H. W. Blanch, ‘‘Protein-Protein
and Protein-Salt Interactions in Aqueous Protein Solutions Con-
taining Concentrated Electrolytes,’’ Biotechnol. Bioeng., 57, 11
Ž .1998 .

Daanoun, A., C. F. Tejero, and M. Baus, ‘‘ van der Waals Theory for
Ž .Solids,’’ Phys. Re®. E, 50, 2913 1994 .

Gast, A. P., C. K. Hall, and W. B. Russel, ‘‘Phase Separation In-

March 1999 Vol. 45, No. 3AIChE Journal 631



duced in Aqueous Colloidal Suspensions by Dissolved Polymer,’’
Ž .Faraday Discuss., 76, 189 1983 .

George, A., and W. W. Wilson, ‘‘Predicting Protein Crystallization
Ž .from a Dilute Solution Property,’’ Acta Cryst., D50, 361 1994 .

Hagen, M. H. J., and D. Frenkel, ‘‘Determination of Phase Diagrams
for the Hard-Core Attractive Yukawa System,’’ J. Chem. Phys., 101,

Ž .4093 1994 .
Hall, C. K., and G. Stell, ‘‘Phase Transitions in Two-Dimensional

Lattice Gases of Hard-Core Molecules with Long-Range Attrac-
Ž .tions,’’ Phys. Re®. A, 7, 1679 1973 .

Hoover, W. G., and F. H. Ree, ‘‘Melting Transition and Communal
Ž .Entropy for Hard Spheres,’’ J. Chem. Phys., 49, 3609 1968 .

Ilett, S. M., A. Orrock, W. C. K. Poon, and P. N. Pusey, ‘‘Phase
Behavior of a Model Colloid Polymer Mixture,’’ Phys. Re®. E, 51,

Ž .1344 1995 .
Judge, R. A., M. R. Johns, and E. T. White, ‘‘Protein Purification by

Bulk Crystallization: The Recovery of Ovalbumin,’’ Biotechnol.
Ž .Bioeng., 48, 316 1995 .

Kranendonk, W. G. T., and D. Frenkel, ‘‘Computer Simulation of
Solid-Liquid Coexistence in Binary Hard Sphere Mixtures,’’ Mol.

Ž .Phys., 72, 679 1991 .
Lekkerkerker, H. N. W., W. C. K. Poon, P. N. Pusey, A. Stroobants,

and P. B. Warren, ‘‘Phase Behaviour of Colloid q Polymer Mix-
Ž .tures,’’ Europhys. Lett., 20, 559 1992 .

Lowen, H., ‘‘Possibilities of Phase Separation in Colloidal Suspen-´
Ž .sions,’’ Physica A, 235, 129 1997 .

Mahadevan, H., and C. K. Hall, ‘‘Statistical-Mechanical Model of
Protein Precipitation by Nonionic Polymer,’’ AIChE J., 36, 1517
Ž .1990 .

Mahadevan, H., and C. K. Hall, ‘‘Theory of Precipitation of Protein
Ž .Mixtures by Nonionic Polymer,’’ AIChE J.., 38, 573 1992 .

Muschol, M., and F. Rosenberger, ‘‘Liquid-Liquid Phase Separation
in Supersaturated Lysozyme Solutions and Associated Precipitate

Ž .FormationrCrystallization,’’ J. Chem. Phys., 107, 1953 1997 .
Polson, A., G. M. Potgieter, J. F. Largier, G. E. F. Mears, and F. J.

Joubert, ‘‘The Fractionation of Protein Mixtures by Linear Poly-
mers of High Molecular Weight,’’ Biochim. Biophys. Acta, 82, 463
Ž .1964 .

Poon, W. C. K.,‘‘Crystallization of Globular Proteins,’’ Phys. Re®. E,
Ž .55, 3762 1997 .

Rosenbaum, D., P. C. Zamora, and C. F. Zukoski, ‘‘Phase Behavior
of Small Attractive Colloidal Particles,’’ Phys. Re®. Lett., 76, 150
Ž .1996 .

Rosenbaum, D. F., and C. F. Zukoski, ‘‘Protein Interactions and
Ž .Crystallization,’’ J. Cryst. Growth, 169, 752 1996 .

Rosenberger, F., ‘‘Protein Crystallization,’’ J. Cryst. Growth, 166, 40
Ž .1996 .

Rothstein, F., ‘‘Differential Precipitation of Proteins,’’ Protein Purifi-
cation Process Engineering, R. G. Harrison, ed., Dekker, New York,

Ž .p. 115 1994 .
Tanaka, S., M. Yamamoto, K. Ito, R. Hayakawa, and M. Ataka, ‘‘Re-

lation Between the Phase Separation and the Crystallization in
Ž .Protein Solutions,’’ Phys. Re®. E, 56, R67 1997 .

Taratuta, V. G., A. Holschbach, G. M. Thurston, D. Blankschtein,
and G. B. Benedek, ‘‘Liquid-Liquid Phase Separation of Aqueous
Lysozyme Solutions: Effects of pH and Salt Identity,’’ J. Chem.

Ž .Phys., 94, 2140 1990 .
Tavares, F. W., and S. I. Sandler, ‘‘Phase Equilibria for the Mean-

Force Potential of Globular Protein Solutions,’’ AIChE J., 43, 218
Ž .1997 .

ten Wolde, P. R., and D. Frenkel, ‘‘Enhancement of Protein Crystal
Nucleation by Critical Density Fluctuations,’’ Science, 277, 1975
Ž .1997 .

Thomson, J. A., P. Schurtenberger, G. M. Thurston, and G. B.
Benedek, ‘‘Binary Liquid Phase Separation and Critical Phenom-
ena in a ProteinrWater Solution,’’ Proc. Nat. Acad. Sci. USA, 84,

Ž .7079 1987 .
Watts, R. O., D. Henderson, and R. J. Baxter, ‘‘Hard Spheres with

Surface Adhesion: The Percus-Yevick Approximation and the En-
ergy Equation,’’ Ad®ances in Chemical Physics, Vol. 21, J. O.
Hirschfelder and D. Henderson, eds., Wiley-Interscience, New

Ž .York, p. 421 1971 .
Young, D. A., ‘‘ van der Waals Theory of Two-Component Melting,’’

Ž .J. Chem. Phys., 98, 9819 1993 .

Appendix: Reformulation of Rosenbaum’s Model
ŽBecause Rosenbaum et al. Rosenbaum et al., 1996;

.Rosenbaum and Zukoski, 1996 report their data in terms of
the reduced temperature for the adhesive hard-sphere poten-
tial, it is necessary to express their data in terms of the effec-
tive temperature for our model given by Eq. 3. We first re-
view the adhesive hard-sphere potential.

Ž .The adhesive hard-sphere AHS potential is given by

` R-s°
12td

AHS ~ln s F RFs qdu R s lim A1Ž . Ž .
s qdd ™ 0¢

0 R)s qd ,

where t is the effective reduced temperature for the adhe-
sive hard-sphere potential. The second virial coefficient for
this potential is given by

` IP ˜AHS 3 yu ŽR.rk T 2B ˜ ˜B s2ps 1y e R dRw xH2
0

2p 1
3 ˜s s 1y R' Rrs . A2Ž .Ž .ž /3 4t

For 0.13-t -2, the theoretical phase diagram has not
been reported for the adhesive hard-sphere potential. There-
fore, Rosenbaum and coworkers approximated the fluid]solid
coexistence curve for the adhesive hard-sphere potential by
that for the short-range attractive Yukawa potential obtained

Ž .from computer simulations by Hagen and Frenkel 1994 . For
the short-range attractive Yukawa potential, this approxima-
tion is satisfactory when the phase diagram for the Yukawa
potential is compared with that for the adhesive hard-sphere
potential at the same second virial coefficient.

˜We express the data from Rosenbaum et al. in terms of T
by equating the second-virial coefficient for the inverse-power
potential to that for the adhesive hard-sphere potential:

B IPs BAHS, A3Ž .2 2

where B IP and BAHS are given by Eqs. 2 and A2, respec-2 2
tively. Because the theoretical second virial coefficient de-
pends on both hard-sphere diameter and effective reduced
temperature, the hard-sphere diameter reported by Rosen-
baum and Zukoski may be adjusted to obtain better agree-
ment of our model with experiment. Although Rosenbaum
and coworkers obtained hard-sphere diameters such that the
fluid branch of the theoretical coexistence curve agrees with
experiment in the high-density region, the regressed hard-
sphere diameters for several colloidal particles are very close
to those estimated from other measurements.
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